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Abstract—Based upon the linearised theories of the bending and stretching of thin plates, an
analysis is presented for the interaction between non-prismatic beams and an orthotropic
concrete plate. It is shown that an exponential representation for the steel beam profiles provides
a suitable basis for studying interaction in continuous non-prismatic beams, and for deducing
suitable effective widths of slab for design purposes. The influence of * elastic’ shear connection
modulus is studied, as well as the effect of the varying flexural rigidity of the steel beams. The
dependence of interaction on shear connection modulus in continuous beams is demonstrated
through deflexion and slip characteristics, and so also is the dependence of interaction on the
severity of the variation of flexural rigidity. The solution can be specialised to the limiting case
of prismatic steel beams and a concrete slab and also to the solutions of rectangular plates
with certain edge conditions.

INTRODUCTION

Earlier works on shear lag in composite beams [1-4], and others have been limited to thin
concrete plates, assumed isotropic, acting compositely with simply supported steel or
reinforced concrete ribs, and have not taken into account the influence of the interface
elastic shear connection (in the form of studs or dowels) on shear lag. Mention must also
be made of an earlier paper by Newmark et al. [5] on the influence of shear connectors in
composite beams which, however, ignored interface uplift. A more comprehensive investiga-
tion which took this into consideration was later presented by Adekola [6], while another
recent paper by Adekola [7] investigdted the influence of elastic shear connection (in the
form of studs or dowels) on shear lag in the concrete plate of interacting prismatic beams
and an “isotropic” concrete plate. One significant conclusion of [7] is that effective widths
based on deflexion considerations are more rational than those based on concrete plate
in-plane membrane stress considerations.

The first part of this paper deals with the interaction of steel ribs elastically connected
by means of shear connectors to an orthotropic plate. The results are suitable for studying
situations where, in addition to longitudinal ribs, lateral or secondary ribs, either of
reinforced concrete or steel beams, exist. The present work not only incorporates the
influence of the elastic shear connection, but also extends the theory to continuous beams
with an exponential profile, as a convenient idealisation of the more common typical non-
prismatic profiles of continuous bridges.

Making use of Hubers [8] elastic constants for a concrete plate, the second part of the
analysis deals extensively with the case of equal real roots of the characteristic equations.
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This is motivated by the fact that concrete is the material commonly used for bridge decks.
Of course, the results obtained are easily specialised to the case of complete isotropy.
The results reveal the marked effect of shear connection modulus, &, as well as the in-

. o . d
fluence of the severity of flexural rigidity variation (represented by 5) on transverse deflex-

ion. The slip also exhibits a characteristic that does not appear to have been previously
noticed. Effective width of a slab acting with a steel beam has been deduced by taking
the external moment as an invariant and, thereby, using the moment—curvature relationship
to deduce a new increased stiffness at any point over that for the steel beam alone at that
point. Effective widths so determined show that as the shear connection modulus, kg,
increases effective width values increase correspondingly, thereby resulting in increased
flexural rigidity of the composite assembly. All these are shown in the form of graphs and

tables.
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A uniformity of method has been maintained by employing potential functions for both
the displacement and stresses, as well as the deflexion surface, using Fourier series representa-
tion,

FORMULATION OF THE PROBLEM

We are concerned here with the transverse and lateral deformations of an orthotropic
elastic plate occupying the region |x| < a, |y| < oo, where (x, y) denotes the two-dimen-
sional rectangular cartesian co-ordinates.

In the absence of body forces, the fundamental system of field equations which govern
the equilibrinm problem for orthotropic plates is:

The stress-displacement equations

ou,  oU,
=011 3= o + €y = oy

oU, ou,
ayy:clza"‘czzg T ey

oU, U,
% =css\ 3t or

The displacement equilibrium equations

U, U, o*U,
Ci1 =3 F +(012+066)a ER + Cs6 0y2 =0
2
*U, U, U, @
C22 53 ay7 Y+ (c 12066)a Y 66—6x2 =0

where ¢;;’s are elastic constants. With straightforward algebraic manipulations a general
solution of the preceeding equations is:

G,
U, = Ex(\yl + ‘Pz)

0
U, = 5; (B,¥, + B, ¥,)

9? a?
Oxx = C1y Fpes ¥, +¥,) + ¢y, 5}5 (B1Y; + B, ¥)) } &)
2 o?
Oy =2 33 (¥, +¥,) + ¢y, 372 (B, ¥, + B, ¥>)
2
(“666 a (\Il +‘P2+ﬂl\Pl+B2 2)
where «; and B; are constants connected through
af = [(c;5 + co6)B: + cesleri
(4)

= [e12 + co6(1 + )] c2, B
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from which we deduce that the constants o, are the roots of the equation:
C1yCos & + [(€17 + Co6)” — €26 — €11 €25)0% + €35 Co6 = 0. (5)
The satisfaction of the equilibrium equations shows that the functions ¥, satisfy the
equations

A TR
+ o Y, =0, i=1,2 (6)
x Y

In the case of equal real roots it can easily be shown that the complete solution of the
field equations becomes

0
Ux=a—lp—4(1 +v) 'y
d
al, = %—4(]—%1’) X
Crx 0* a* oy oY\ |
” _(5—_2_+V0Y2)W 41 +v)” ( +Vﬁ) >~ (7N
N2 2 Ja
Ty (y L i, ox ¥
e, (va ayz)’” M) (Va +ay)
Gy oy (a a)>
= —(1 - —2(1
a’ey, ( V){aan (L +v)” oY
where
W=+ xy+ YV, Y:é (8)

Equations (7) are analogous to the Papkovich-Neuber representation of the solution

of the field equations of equilibrium for isotropic bodies.
On the other hand, the field equations associated with the bending and transverse deflexion

of an orthotropic plate are given by

M= {D 02w+ 62w}
T T ox? Lay?f
0w *w _
M”:_—DYW_FDlE)? 9)
M, =2p % |
T ax ay’
¢ o* o4
p.2 Y vam Y 1 p Yoy (10)

ot T T T v g

where w stands for the deflexion, M, and M, for the bending moments and M., for the
torsional moment, ¢ for the load, and H, D., D,, D,, D, for constants characterising

the rigidity of the plate.
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To the foregoing equations are to be adjoined the conditions of simply supported edges;
namely
w=M =0 1y
forx=da,y=+2n—-1b,n=1,2, etc.;
the conditions of stress free edges: namely

o'xx = a'xy = 0 (12)
for x =+4a, |y| <oo;
the conditions of symmetry
ow
= = 13
=5 (13)

for {x| <a,y=0;
and the condition of equilibrium of internal and external forces and moments at the cross-
section of each longitudinal rib.

M, 10 oF\ 09
‘- —fd,—)-—+p' =0 14
ox? +25x("6x) ox tp (14)
where
0 0w *w
=—-2—{D — — 1
Qc,l ay { y ayz + 6x2} ( 5)
and the overall depth of the non-prismatic beam d, at any section x is given by
d, = De ¥, (16)

The corresponding second moment of area I(x) for a symmetrical I-shaped cross-section
having the profile of 16 is representable by

3
I(x) =1, Z J, e~ relxl amn
r=0

where J,”* are non-dimensional constants characterising the geometry of the section, and
¢ is another constant.

0*M,
FI R E{I(x) . W 1101 +21(x) 1 . w 113 + 1(x) 55 . W 44} (18)

where (x, y) = (x,, x,) represents the two-dimensional coordinates while a comma followed
by an index implies partial differentiation with respect to the corresponding variable.

oF ; b do,, d 19
Fitl i L2 (19)
which implies that

2 ih
F=2 1 D
c66i;1( + Bl) ay

y=b
Finally, we must satisfy the following condition of compatibility of longitudinal strains at

the slab-beam junctions in the following manner (see for example [7] for the arguments
leading to the derivation of this relation):

- oU, ,_
(ER™'F + 3+ Ow, 1y = == =k 'F. ., 20
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where k is the modulus of shear connection, whilst the cross-sectional area of the steel
I-section, R, at any point x is of the form

R = Ry(ko + ke ¢ 2D

R, being the cross-sectional area at the origin, and the constants characterising the geometry
of the section are k, and k,.
We must also satisfy the conditions of symmetry in the lateral direction (i.e. y direction)

y ay -
aty=+4(2n—1b, |x| <a. (22)
METHOD OF SOLUTION
Assuming that the load ¢ admits of the Fourier series representations

q=D,) g,cos(K,x), (23)
n=1

we construct the deflexion surface in the form

0 2
ww ) = 3 |Kita,+ ¥ Acosh(K, Tjeos(K, ) (24)

n=1

for distinct real roots, and
wix,y) =Y {K;q,+ Ay cosh(K, Y) + Ay, Y sinh(K,, Y)}cos(K, x) (25)
n=1

for equal real roots, where AY, A¥, . AY and A, are as yet undetermined superposition
coefficient, while

H, [(HV D,
ﬁ:B—i\/(F) —F’, H=D, +2D,,
Y;=y/A i=12

and assuming Huber’s elastic constants{ for concrete
- 1 —_ Y e _
D, =vD,D,, D, = 2‘\/Dny and H=./D,D,

we obtain the case of equal real roots with

4

D
} = 2

D,
Y=y/A

Now and henceforth a bar (—) on any superposition coefficient would refer to the case
of equal real roots.

+ From these constants, the relationship between the constants ci1, €22, €12, and ces €an be deduced
for concrete.
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We now construct the stress functions suited for the solution of our problem as follows:
For distinct real roots,

Y(x,y) = i {A,m cosh(K, y,.Jcos(K,, x} + B, cos(L,y)cosh(L, x,)}. (26)
n=1

For equal real roots,

¢ = i (4,, cosh(X, Y)cos(K, x) + B, cosh(L, X)cos(L,))
n=1

]

¥ A, sinh(K, Y)cos(K, x) } N

B,, sinh(L, X)cos(L, »)

S »
118 P18

X

where A,,, An,, An, Ay Bay B,,, B, and B, are again undetermined superposition
coefficients, Y retains its previous definition whilst

X =ax, Y = Y% 5 Xy = Oy X

m=1,2, K,=Q@n—UOn/2a, L,=2n—- D=x/b.

By applying the boundary conditions of (12), (13) and (22), and by employing certain
routine mathematical techniques ([9], p. 198, 2:671) we obtain relationships between the
various superposition coefficients for the deflexion surface and the stress functions respec-
tively. These techniques are omitted in this paper, however these relations are simply stated
here as follows:
« Ay sinh(K,bA7h) r
™A, sinh(K,bA" ) ™

A% =~ K;'{1 + K,bi ™" coth(K, bA™ ")} A%, 29
_ oy B sinh(K, baz 1)

(28)

A4 =
™ o, By sinh(K, bay) " 30)
= -1 3—v -1 “nix
A, =K, T K, ba™" coth(K,ba™ ")} 4, (31)
_ (1 + B,)cosh(L,a,a) 3
" (1 + Bcosh(L,a,a) ™ ¢2)
- _ 21 - v)e _
B, = L — ) (0 - ey — clyatanbLyalB, (Y
2 2 of °
-1 & (—1)"KZ sinh(K,, bu !
B=2L,3 1+ fip)t § S ) (39
5 -1 9 (=D"L,K,a " sinh(K, ba™") - a2KE ) o
Bt L s (Y g 09
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where
B, =(1 + B,)L} cosh(L,x, a){x, tanh(L, %, a) — o, tanh(L, 0,a)}B,, . (36)
(I =)ol +¢1s) | L,aa
L =1L, = sinh(L, — B, .
(1 + v)(ePe; — ¢,5) (L, 2a) + cosh(L, oca)} 2 (37)

We now apply the equilibrium condition (14) and again by employing routine mathe-
matical techniques and standard results ([9], p. 196, 2-663; p. 203, 2-674), the equilibrium
equation for the composite assembly reduces to

AmAEq Lo Jo K2 Sk 42051452 — A7 D, K sinh(K,, by ')}
EIO il . a 59 x
+ — z]l‘mn Kn 25;;:/4:1&2 -y nZIanAnz

a g

A

El, &
= —[EloJoqn—pud = — Y K;*
[ ovod p} a nZiKn Lmnqn’ (38)

and

EI,

A7 AEoTodo K S5 44D, 47K, sinh(Ky b2~ 1) + =0 Y Ky 3Ly S*A%
n=1

AD » — EI, =
o L Fn A, = EloJon = P+ =2 ¥ K *Lynas  (39)
= n=1

where
Ay sinh(K, b5 1)}
Ay sinh(K, bATHY
K, bi! )
sinh(K, A~ 1)

S¥ = Kf{cosh(K, bi; Y (40)

SF = K,Z(cosh(K,b/l") + (41
[K} — 2K, K,, + r’e?]

r’e? + (K, — K,,)* (=1ymrem — 1]

3
Lom=YJ, rsKﬁ{
r=1

[K,% + 2K, K,, + r282]
r’e? + (K, + K,)*

[(___I)n+me~r8a . 1]} (42)

and

(43)

L+ (=D""e™™ 1—(— 1)"*’"6““}

Fpp = ¢K, K, 'th“l{ -
mn & n MSIn ( & O:Z ) 82+(Kn+Km)2 82 +(Kﬂ-Km}2

The quantity P,,, the transverse load per unit length acting on the beam element, includes
the external applied loads and, in the case of shored beams, the beam self weight P,,, which
for the beams being considered in this analysis is given by

kyle + (= D" IK,,]

2Po +1 kO }
=2 =yt 2 44
P a {( D K, * e + K2 (@4)

where P, is the maximum intensity of the self weight.
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Employing precisely the same procedure as that used in the satisfaction of the equilibrium
equation (14), the satisfaction of the compatibility condition (20) now reduces to

tk &
92—0S:A* + ZR*A* - mz _klks_lzgmanAnz Z Z an VrnA
n=1 n=1r=1
kot 1 & )
— — X Kaan — 5 Y K (ko D+ ki + KiDhunlds  (45)

2

for distinct real roots where S is as previously defined for distinct real roots and

2tege(Br — Bz)

K, sinh(K, ba; D[1 + ko k; 'KZER,]
%, By

=(ER,)” la{
o, B, sinh(K, bay 1)
o, B, sinh(K, bo; ')
= (ko D + kg, + kyDh,, 3. S 47)

, B,sinh(K, ba{l)}}
o, Bisinh(K, bagy ')
§ = 2tceq(B — B2)loa B, (49)
_ oy tanh(L, a, a)}
a, tanh(L, a,a) |’

+ ko ERy K? {cosh(K, boy ') — } (46)

r

R, = K,Z{éK, sinh(K, ba; ') + ks:cosh(K, ba; ') — (48)

U~ = b® sinh(L, o, a){l (50)

1 + Bz ozf a%

L+ B8y (L)’ + Ky (2L + K3,

a?(1 + By)cosh(L, o, a) {(e +o,L,) + (=1t K, e ¢ralna
(1 + By)cosh(L, x;a) (¢ + o L,)* + K5,

Vo = 2ko{ — 1" 1K, U,,{ }L,, cosh(L, o, a)

+k,L, U,,{

+ (8 - aan) + (_1)m+1 . Kme—(s-alL,,)a
(6 - aan)Z + Krzn }

_ az{(s L) + (=)™ K e TR ey L) + (D)™ K e
: (e +a,L)* + K7 (e—a L) + K} ’

(51)

1 B.(1 + B;) 1

V,, = 2(—1YK2b%2 sinh(K, ba; 1)| — - _
2 ( 2 )a2 ZKE +L%' ﬁl(l +ﬁz) a;2K3+L%I 3 (52)

and for equal real roots

CA
%

.’J;
*

Ti[\/]g
P

S %

N}

(%]

Emz + klks_1 Z gmnﬁngn + i
n=1 n=

ako

i™Ms
~

_ 1e
K + E ZlKn 2{(kOD + klt)gmn + lehmn}qn, (53)

where the constant S} takes the previous corresponding definition and the other constants
now take the form
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5, = aA[(ERy)™! + ko k. k2]sinh(K, ba~)

3—v ‘ K,ba™?!
+ ko K, a{—— cosh(K, ba™?) — ——L——_}, ‘
° {1 Ty CoSh(K, ba™) smh(K,.boc“)} (34)
_ K1
R;k = ‘_5_' {(ko D+ klt)gmr + lehmr}‘ S,., (55)
= . _ I—v K byt ]
R, = K,{AK, sinh(K, ba™ 1) + ks{-—- hE ba™ 1) — __'._...,___}}
( )+ Ry coshl& e — o R BT (36)
A =8teger M1 +v)7L, (57)
_ 1 —v 2%, +c L aa
U,lzL,b{ alihd T BERG T Y ) o n
1+v od?c —ey, sinh(L, xa) +cosh(L,, aa)l’ (38)
- dakg L, K,(—1Y"*! cosh(L,oa) { (1 —v)ey, wllZ
™ ‘sz%z + K3 (1 +)(Pey; —¢qr) - fszzn + K,ﬁ’
2(1 —v)ey,
+ ok L, —L
' ((1 +)(ePe ;= ¢12) no tanh(L,,aca))

) {a by + (DK e O g gL, (= Kot
(e +aL,)* + K2 (e —aL,)* + K2 }
N by o?L?
[(e + OCL,,)2 + K2

x {K2 — (e +aL,)? — (=1)"" ! K, (a[K2 + (¢ + «L,)?] + 2(e + aL,))e” ==
B kL2
[(8 - aLn)z + Kr%:]z
x {K2 — (¢ — aL,)? — (= 1)" 'K (a[K2 + (¢ — aL,)’] + 2(e — aL,))e™“™* % (59)

AU (=1YL,K,a"" sinh(K, ba)
Von = o K2+ 2

A+v'-

« 2K} }’ (60)

a K2+ L2

and for both cases of distinct and equal real roots g,,, and 4,,, have the following definitions

_*811 +(__ 1)n+m~€-sa I __(__ l)n—m,e—ea} (61
Imn =TI TK, + K | B4 (K - K | )
1 o (_ l)n+m . e—Zsa 1 — (_ l)n—m . e—-aa}
P = 2 .
mn 8{ 42 + (K, +K)7 | 4+ (K, — K. (62)

The superposition coefficients 4%, 4%, 4,, and A,, become determinable by solving,
through a segmentation procedure, the series equations resulting from the application of
the composite assembly’s equilibrium and compatibility conditions taking as many terms as
we please.
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MIDDLE SUPPORT REACTION

The longitudinal profile assumed for the steel beam in the foregoing analysis is that
typical of a two-span continuous bridge of the beam-deck type. It is therefore necessary
to deduce the value of the middle support reaction arising from applied loading. Let wy(0, b)
be the deflexion at the support section, x = 0, due to the applied loading @ (which may
consist of self weight, point load and superimposed load) and Wg(0, b) that due to an applied
unit load alone at x = 0, then by the principle of superposition, if there is to be no vertical
displacement at the middle support section, the unknown central reaction R due to the loading
Q is given by

wo(0, b)

WR = 1(0’ b )

The transverse deflexion w(x, y) at any point in the plate becomes wg)(x, ¥) + Wry(x, »)

thus introducing new superposition coefficients in the transverse deflexion equation and
consequently in the stress functions in the form given below:

R= (63)

*(R
Al = AN + 45D
= - —%(R
Ak =AY + 43R

(64)
Bcni = BV(IIQ) + B,(f)

etc.

Using these relations these coefficients, deflexion, displacements, and stresses can be
computed.

Case of no interaction

We can infer from the preceeding analysis deflexions for the case when the concrete slab
is merely resting on the ribs and not physically connected to them. In that case, the interacting
axial forces between the two elements (i.e. concrete plate and steel beam) become zero.
Consequently all the superposition coefficients 4™ and 4’ become zero and the strain
compatibility condition becomes indeterminate. Under these circumstances the equilibrium
condition alone determines uniquely the solution for no interaction condition. The solution
for this condition is obtained by setting 4> and A’* to zero in (38), for the case of distinct
real roots, and in (39) for the case of equal real roots, thereby making the corresponding
deflexion w(x, y) determinable.

Effective width factor may be defined, from a consideration of membrane stress distri-
bution, as a fraction f,, of the available width of the orthotropic slab that contributes,
at constant maximum longitudinal stress o,, m.,, @ force equal to the interacting axial
forces F. Hence

- F
" 2bo

xx|y=b

B (65)
where F is as previously defined in 19.

An alternative approach in the estimation of effective width factor is to employ the moment-
curvature relationship for a beam. Let the moment-curvature relationship for a steel beam
alone subjected to a given loading system be given by

EI(x) wy =~M (66)
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where, at the point x, E I (x) is the flexural rigidity of the steel beant, M the external mo-
ment due to applied loading and w, the deflexion of the steel beam. Let us now suppose
that a composite section consisting of the same steel beam and a concrete plate under the
same conditions of support and loading have an equivalent flexural rigidity E, (x); the
moment-curvature relationship for the new assembly now becomes

EL(xw, 4 =—-M (67)

w being the deflexion at x of the composite section whilst M retains its previous definition.
Since in equations (66) and (67) the bending moment M at the point x is an invariant
these two equations combine to give

Eslc(x) W = Es Is(x) “Wo, 11 (68)

from which 7.(x) is readily determined. Employing transformed section theory, it is now a
simple matter to deduce the effective width factor f,, from the relationship:

Bo+ M R()Gd, + 61d, + 4%) — 10E,1,(x) — E, 1)}
2bt3cy,
ERD - B =0, (69)
b*t7cy,

Effective width factors deduced from either membrane stresses or moment curvature
relationship do not present the true picture in the region of the middle support where cracks
would tend to develop in concrete. Nonetheless, by taking concrete together with its rein-
forcement as an orthotropic material, they provide some estimate of effective widths in
this region.

SOME SPECIAL RESULTS

Prismatic beam

The solution for the limiting case of a prismatic steel beam interacting with an orthotropic
concrete plate can be obtained by setting ¢, the constant parameter defining the beam profile,
to zero. In the limit as ¢ tends to zero we find that L, tends to zero for all values of »
whilst g,,, and #4,,, both tend to zero for all values of » not equal to m and to g when #n is
equal to m. F,,, tends to zero for n not equal to m and to — K,? a sinh(K,, ba; *) for nequal
to m, and

1+ 8, o? o3

— . (70
1+B, K2+a212 K:4+a2l2 (70)

Vo= 2= D" (ko + kK, L, U, cosh(L, a, a)

From this limiting process the compatibility equations will have the factor (ko + k)
which will cancel out in both equations.
The corresponding equations for an isotropic plate are easily deduced from these resuits.

Plate bending

The solution for an infinitely long orthotropic rectangular plate simply supported along
the edges x = + a and carrying equally spaced (along y) transverse point loads can be deduced
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from these results by setting ELJ, to zero. The transverse deflexion becomes

K,A33P, [}tl cosh(K,pAr") 4, cosh(K, A7 1)
3D, — 70 | sinh(K,bi; ") smh(K, b )

] }cos(K,l X).
(71a)

W(xay) = 2;1 K;4{qn -

We obtain the solution for a rectangular plate simply supported on opposite edges(x = & a)
and clamped at the remaining edges (y = + b) by setting ELJ, to co. The deflexion w(x, »)
and the moment M, are as follows

K, 4, tanh(K, bi; Heosh(K, yA; ")
7, Sinh(K, b2, 1) — 4, tanh(K, b4; 1)

w(x, y) = ZIK;“qn[l +

K, A, sinh(K, bA; Dsech(K, bAs )cosh(K,, yi; ')
2, sinh(K, bi; 1) — 4, tanh(K, b1; ")

] cos(K,x) (72a)

4, tanh(K, bi; Hcosh(K, yi1 1)
— A sinh(K, bA{ sech(K, bA; ')cosh(K, y/l{l)} cos(K,, x).
AyAy(4, sinh(K, bA7 ') — 4, tanh(K, bi; 1))

M,=D, Z K, g,
n=1
(73a)
The fixed end moments at y = + b are given by

My|y=b =D, Z

K, g, {/12 tanh(K,, bi; ")cosh(K, bAT ") — 4, sinh(K, AT 1)
n=1 }“112

7, sinh(K, bA; 1)~ 4, tanh(K, bi; 1) ;Cos(K" x):
(74a)
In the case of equal real roots, with 4, = 4, = 4 say, equations (71a-74a) pass over into

3P, ) . -
SR 5 [Ky (1 + K, bA™ " coth(K, bAi™ 1))

w(x, y) = ZlK,,‘Z{K,,_zq,,—

cosh(K, yA™") — A~ 'y sinh(K, yA~ 1)]}cos(K,l x), (71b)

[tanh(K, b7~ 1) + K, b2 Jcosh(K, yA™ ") +
K,yA™! tanh(K, b~ Hsinh(K, yAi™ 1)
Sinh(K, bA-1) + K, bA~ T sech(K, b 1)
[tanh(K, bi 1) — K, bA~Jcosh(K, y~ 1) +
K, ! tanh(K,bAi~ ") - y sinh(K, yi~ 1)
Sinh(K, b2 ) + K, b2 " sech(K, bi-7)

sinh(2K, bA™1) — 2K, b2~
sinh(2K, b2.~") + 2K, b/ !

cos(K,x) (72b)

W(x9 y) = ZIKH—‘tqn {1 -

M, =D, ;K:w{ }cos(K,, X),  (73b)

M,|,-y=D,Y K,,Z}.—zqn{ }cos(K,, x). (74b)
n=1

Data used for computation

Iy, =1-309 579 x 10 3m*
Ry = 1969 300 x 10~ %m?
a, = 0-587 407
by = 0-412 593
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Maximum intensity of beam = self weight = 1:49 kN/m

Concrete plate thickness = 0-152 m

Half span of continuous beam = 4-0 m

Applied point load in each span = 250 kN

Based on Hubers constants for concrete [8], the following elastic properties are assumed
for the concrete plate.

1 254mm ]
[ e |
24mm
— 13mm
625mm
!
j 24mm
7
Fig. 2. Dimensions of steel beam at middle support section.
D, =t =2 = 12D
x = 12 > DY - Dx [} H - x
E
Cu =TT A ;4v2’ €2 = 0%cyy, €13 = aPveyy,
c o? d-v c
66 3 11
RESULTS
Table 1. B, at load point k = 0-4 at full interaction for various
d/D
b
22 dN\_a 02 0-4 06 08 1-0
. D
% 0-318 0-171 0115 0-086 0-069
1 % 0-229 0-126 0-086 0-065 0-052
b 0-067 0-042 0-030 0-023 0-019
0-296 0-156 0-104 0-079 0-063
1-5 0-216 0-123 0-085 0-064 0-051

o 1= oofs

0-063 0-039 0-027 0-021 0-017
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Table 2. B, at middle support section for load at k =0-4 at full
interaction for various d/D

b
P AU 04 06 08 10
C11 D
3 0313 0169 0113 0085 0068
1 } 022 0146 0100 0076 006l
i 0110 0082 0061 0047 0038
3 0292 0154 0103 0078 0062
15 3 0245 0134 0091 0068 0055
3 0102 0073 0053 0041 0033

Table 3. B, at load points for various load positions, side ratios

c . .
and 22 at complete interaction
C11

C22 02 0-4 0-6 0-8 1-0
C11
02 0-233 0124 0-084 0-063 0-051
10 04 0-264 0-140 0-094 0-071 0-057
0-6 0-197 0-102 0-068 0-051 0-041
08 0-013 0-005 0-003 0-002 0-002
0-2 0-225 0118 0-080 0-060 0-048
15 04 0-255 0-133 0-089 0-067 0-054
06 0190 0-097 0-064 0-048 0-039
0-8 0-011 0-004 0-002 0-002 0-001

Table 4. By at middle support section for various load positions

>

. . C22 . .
side ratios and — at complete interaction
C1t

22 02 0-4 0-6 0-8 1-0
C11
02 0-232 0-123 0-082 0-062 0-050
1-0 0-4 0-228 0-119 0-080 0-060 0-048
0-6 0-204 0-105 0-070 0-053 0-042
0-8 0-151 0-077 0-051 0-038 0-031
0-2 0-222 0-115 0-077 0-058 0-047
15 0-4 0-218 0-112 0075 0-056 0-045
0-6 0-196 0-100 0-066 0-050 0-040
0-8 0-146 0-073 0-049 0-037 0-029

1JSS Vol10 No7 — D
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DISCUSSION AND CONCLUDING REMARKS

The analysis has demonstrated qualitatively the influence of partial interaction on shear
lag in continuous non-prismatic beam concrete deck systems.

The effect of shear connection on deflexion characteristics, Fig. 3, is very marked, exhibit-
ing, as would be expected from a physical conjecture, a reduction in deflexion with increasing
shear connection modulus. Deflexion curves at no interaction and at full interaction give
the extreme cases. A similar phenomenon exists with the slip characteristics which exhibit
negative values in parts of the span. The results in respect of slip show that negative slips
can in fact occur in composite beams with supports juxtaposed as in the present problem,
and most probably in continuous beams with other configurations of supports and profiles.

r L'%:_* 0125 T 1 ?

02

- B

00ks

el

Fig. 3. Deflexion and slip characteristics for various shear connection modulus for load point
k = 0-6 and aspect ratio of 0-2.

Figure 4 further demonstrates the stiffening effect of the concrete plate on the steel beams
through the variation of shear connection modulus with the ratio of deflexion of the inter-
acting elements to that of the steel beam above. Figures 5(a and b) show, respectively,
effective width factors obtained at the loaded point and at the middle support section as

. b . .
they vary with both aspect ratio, —, and the shear connection modulus k. These effective
a
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10
O B
Value of Deflexion Fagter ot full interactlon—y _ e e — ]
O g
o-2p~
i R i i i i i i i
° 025 i+ o078 0 2% 130 75 E 24 225 255
100k,
Eg
Fig. 4. The influence of shear connection modulus on deflexion of composite assembly.
035, {+3: 1
(o} (v}
Ky= oo -
03 p | oak
|
| Ky 100K
| £
o2p { ol
Fy23 ga Kye23
{
i
|
i
k,.x-o
o ol Kg»10
|
|
]
Ky o-nl Kgr0.25
|
o 1 1 A 1
o2 a4 o6 o8 0 o o2
b
a
Fig. 5(a). Variation of effective width (at loaded Fig. 5(b). Variation of effective width at middle
point) with aspect ratio and shear connection reaction section with aspect ratio and shear

modulus. connection modulus.
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width factors, deduced from the comparison of the moment-curvature relation of the com po-
site assembly to that of the steel beam alone, taking moment as an invariant at corresponding
appropriate points, exhibit little difference between support values and the values at the
loaded point. This is also noticeable for all other load positions except when the loads are
0-8a from extreme supports, where effective width values under the loads vary hapazardly,
although the values at the support section still exhibit the general trend of Figs. 5(b). It is
thought that at this point the load is very close to the point of contraflexure of the composite
assembly and consequently bending moment values are very small or close 1o zero giving
rise to unrealistic values of effective width factors.

k=08
k=0 2
k=06

S
° oo
»an

-g.x%'
B o}
k=Q2
k=06
ks -4
%/—';—L—“"—T—— A R . ; A R
¢ 028 o850 078 10 195 750 78 200 225 28

100 ky
Es

Fig. 6. Variation of effective width with shear connection modulus for different load positions
and severity of variation of flexural rigidity.

Figure 6 demonstrates the influence of the severity of variation of the profile, with the
middle support cross-section as in Fig. 2 for all profiles considered, on effective width
factors at various k,. It is clearly demonstrated that this severity has a marked influence
on f,,. While the general trend of S, with k; remains similar, the values of f,, become

d d 17 1 . .
reduced as ) decreases. Although between -3 and -3 the relative magnitudes, at
least qualitatively, of effective width factors for load positions k = 0-2, k = 0-4 and k = 06

d 1 . . .
remain consistent, however at =% there occurs a complete inter-change of relative magni-

tudes which cannot as yet be explained.
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Tables 1 and 2 give respectively effective width factors at the loaded point and at the

d . .
middle support section for various ratios of D for the case of complete isotropy, 1Le.

€22 _ | and for the case G2 _ 1-5 at full interaction.
C11 C11 _ _ ) )
Tables 3 and 4 on the other hand give respectively full interaction effective width factors

at the loaded point and at the middle support section for various positions of applied point

. €22
loads for the case of complete isotropy as well as = 1-5.
11

104%,
Q

Fig. 7. Deflexion characteristics for different severity of variation of flexural rigidity.

Finally, Fig. 7 illustrates the effect of severity of variation of beam depth on deflexion.
d 1
It is deducible from this curve that D < 3 will always result in excessive transverse deflexions

and should therefore be avoided in design.
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O oo

Pe3tome — Ha ocHOBaHHM nHHEApHU30BaHHbIX TEOPHH W3rMOa U pACTAXKEHHS! TOHKUX MJIACTHH,
MIPENCTABISIOT AHAJIM3 B3aHMOIEHCTBHS MEXKAY HElPH3MATHYECKUMH 0aTKaMi 1 OPTOTPOTTH-
yeckoit OeToHHOR muTo#. Hawny, 4to nokazartensHoe npencraBiaeHne npoduiei crajibHbix
DasIoK OpeACTaBIIAeT MMOAXOMALIMIA Ga3uC I W3yYCHUS MOIEKYJISPHOIO B3AUMOJCHCTBHA B
HETPEPLIBHBIX HEITPU3MATHYECKHX Oankax, M ISl pacyeTa ¢ UeNIbK MPOSKTHPOBAHMS I104-
xoaawel U bQexTUBHON IMUPHHBI TUIACKOH TNThbi. M3yvaeTcss BIHSHHE «31aCTUMHOTO»
MOAY/IA YIPYTOCTH COCAMHEHHST M 3DGDEKT H3MEHSIOWIEHCS XKECTKOCTH MO OTHOLIEHHIO K
W3ruby CTambHBLIX 6aOK. 3aBUCHMOCTD B3aUMOIEHCTBUS OT MOAYJIA YIIPYTOCTH B HENpepbiB-
HBIX QaJIKaxX JEMOHCTPHPYETCS XapaKTePHCTHKAMH KECTKOCTH O OTHOINEHMIO K H3ruby
MTACTHYECKOMY CIBUTY, M TAKkKE€ JEMOHCTPUPYETCS 3aBUCUMOCTL OT CTEIEHH KECTKOCTH 10
OTHOWICHHIO K H3ruly. PeureHue CBOAUTCS K OrpaHHYEHHOMY CJIY4alo TPH3MATHYECKHX
CTATBHBIX 0allOK, K IUTOCKOM GSTOHHOI TUTHTE M TAKXKE K NPSIMOYTONbHBIM TTHTAM C OIpele-
SIEHHBIM COCTOSIHUEM Kpaes.



